Global structure of exact cosmological solutions in the brane world 
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We find the explicit coordinate transformation which links two exact cosmological solutions of 
the brane world which have been recently discovered. This means that both solutions are exactly 
the same with each other. One of two solutions is described by the motion of a domain wall in the 
well-known 5-dimensional Schwarzshild-AdS spacetime. Hence, we can easily understand the region 
covered by the coordinate used by another solution. 

PACS numbers: 04.50. +h; 98.80.Cq; 12.10.-g; 11.25.Mj 

The Randall- Sundrum brane world may give drastic changes to the conventional gravity theory or cosmology []. 
Since the 3-brane world is motivated by the relation between the 1 1-dimensional supergravity and Eg x Eg superstring 
theory the drastic changes might be realistic. Hence we have to seriously think of this scenario. In this respect, 
the conventional 4-dimensional theory should be recovered in low energy limits. This recovery is easily confirmed on 
a brane with positive tension Hence for simplicity, hereafter, we will consider the single brane case with the 

positive tension. For the brane world cosmology with negative tension, the issue is still in debate because the 

fine-tuning and radius stabilization problem seem to be necessary to recover the conventional Einstein theory and the 
single brane is not apparently acceptable. 

Recently several authors have found exact cosmological solutions in the brane world ] R . In one of them, 

the 3-brane is described as a 'domain wall' moving in 5-dimensional black-hole geometries jj^lljfT It may be worth 
noting that the radiation dominated Friedmann universe is also expected by the AdS/CFT correspondence p6| , p7{ . 
Another one was given by exactly solving the Einstein equations in the Gaussian normal coordinate |Q-|l6|. These 
global solutions will be important to discuss its stability as the full spacetime, the gravitational force between two 
bodies on the brane and the cosmological perturbation on the brane. 

Since each of the two solutions is general enough in each coordinate system, it is easily expected that both solutions 
represent the same spacetime in different coordinate systems. In this brief note, we give the explicit coordinate 
transformation from the coordinate used in Refs. (ljjl^l to the Gaussian normal coordinate adopted in Refs. [^4|dj6|. 
Moreover, we identify the region which the Gaussian normal coordinate covers. 

As stated above, some authors [ fl2||l3]| considered a domain-wall moving in the 5-dimensional 'Schwarzshild- 
AdS'(Sch-AdS) spacetimes Q with the metric 

dr 2 

ds 2 = g^dx^dx" = ~f{r)dT 2 + r 2 dT, 2 K , (1) 



1 For earlier works on related scenarios, see Refs. 

2 In this field, a lot of works related have been done so far |8|Jl 
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where dT? K is a metric of a unit three-dimensional sphere, plane or hyperboloid for K — +1,0 or — 1, respectively, 
and 



f(r)=K+ (2) 



Here, I (> 0) and p (> for if = +1 or if = 0, > — Z 2 /4 for if = —1) are constants. The constant Z gives the 
curvature scale of the bulk spacetime. Hereafter, we denote coordinates on the three-dimensional manifold (sphere, 
plane or hyperboloid) by x 1 . Therein the domain wall is the 3-brane, whose orbit is given by r — R(T), and the bulk 
spacetime is the 5-dimensional Sch-AdS spacetime. Assuming the Z 2 -symmetry which is inspired by the reduction 
from M-theory to Eg x Eg heterotic string theory Q, Israel's junction condition [^| gives the Friedmann equation on 
the brane: 



8ttG n if A 4 k% 2 a 
3 36 " 4 



where the function R(T) representing the orbit is reinterpreted as a scale factor a(r) with the proper time r, and p 
is energy density of matter on the domain wall. Here, k$ is the 5-dimensional gravitational constant, Gjy = k|A/487t, 
A 4 = k|A 2 /12 - 3r 2 and A is the vacuum energy on the brane. The deviation from the conventional Friedmann 
equation is expressed as the forth and fifth terms in the right-hand side of Eq. (||) . The fifth term comes from the 
'electric' part of the 5-dimensional Weyl tensor |6|. 

The form of Eq. seems simple enough to handle while a metric derived by several authors |lj-|l6| looks rather 
complicated. However, as already explained above, it is expected that both of metrics express the same spacetime. 
Yet, the Weyl tensor for the metric derived in Refs. |l4|-|l(| becomes zero in the limit of the infinite value of the fifth 
coordinate (or the affine parameter in the Gaussian normal coordinate). This implies that the limit of the infinite 
affine parameter does not correspond to the Cauchy horizon since the Weyl tensor cannot be zero except for the 
conformal infinity as long as the bulk spacetime is not exactly the anti-deSitter spacetime. In order to show these 
explicitly, we transform coordinates in the metric (|l|) so that the transformed coordinate system becomes a Gaussian 
normal coordinate system based on a hypersurface given by r = R(T). 

For the purpose of the coordinate transformation, let us consider geodesies which intersect with the hypersurface 
r = R(T) perpendicularly. Note that these geodesies are spacelike and have zero ^-components, provided that the 
hypersurface r — R(T) is timelike. First, because of the existence of the Killing field (d/dT)^ in the bulk spacetime, 
the unit tangent vector of a geodesic should satisfy 

g^u^d/dTf = -E, 

9liv u<*u v = 1, (4) 

where E is an integration constant. Hence, we obtain as 

E 



U"fy = J^T d T ± VW) + E^Or . (5) 

In the above, we assumed u 1 = because we are interested only in geodesies whose tangent have zero ^-components. 
The trajectory of the geodesic is given by 

— = U ", (6) 
aw 

where w is the affine parameter. For the case of 4/i + l 2 (E 2 + K) 2 > 0, the r-component can be integrated as 



2r 2 + 1 2 {E 2 + K) = ^APu + l+iE 2 + if) 2 cosh [2r\±w + w )], (7) 

where wq is a constant. For the cases of 4/x + l 2 (E 2 + K) 2 = and 4/i + l 2 (E 2 + K) 2 < 0, the r-component of 
Eq. (^) are integrated to give different expressions of r in terms of w. However, the final form of the metric we shall 
obtain below is common for all cases. Hence, in the following arguments we show explicit calculation for the first 
case only. Let us determine the constants E and wq so that the geodesic intersects with the hypersurface r — R(T) 
perpendicularly at T = Tq and that the affine parameter w is zero on the hypersurface: 

oc g>* v d v (r-R(T)) at T = T ,r = R(T ), 
2i? 2 (T ) + l 2 (E 2 +K) = ^fAl 2 n + l A (E 2 + if) 2 cosh (2Z~ 1 w ), (8) 
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These can be solved to give 



E = E{T ) = ±R'{T Q ) 



wo = w (T ) = - cosh 



P{R(T ))-R' 2 {T a )Y 

~2R 2 (To) + l 2 (E 2 (T )+K) 
^/WJx + 1±{E 2 + K) 2 



(9) 
(10) 



where we have taken a convention such that cosh -1 X > for X > 1. Note that the set (T , w,x l ) can be considered 
as a coordinate system. 

Next, we can introduce a new coordinate t so that t becomes a proper time on the hypersurface r = R(T): 



dt 
dT 

9w Jt ,x* 



/(«(*)) 



y/f(a(t)) + a?(t)' 
dt 



dx l 



0. 



(11) 
(12) 



T ,w 



where a(t) = R(T (t)). Note that the function a(t) is well-defined in a whole coordinate patch as well as on the 
hypersurface r = r(T), or w = 0, since both t and To are constant along the geodesic. In this coordinate, E(Tq) given 
by Eq. (^|) has a simple expression 



E(T ) = ±a(t), 



(13) 

where a dot denotes (d/dt) WtX i. Hence, by substituting Eqs. ( [l3| ) and ( |io| ) into Eq. (0), we can rewrite the original 
coordinate r in terms of new coordinates t and w as 



r 2 = tp(t, w)a 2 (t), 



(14) 



where 



p(t,w) = cosh(2r 1 w) + -(H 2 + Ka- 2 )(cosh{2l- 1 w) - 1) ± y/l + l 2 (H 2 + Ka,- 2 - Jiar^) sinh (2r 1 w). (15) 



Here i/(<) is defined by 



H(t) 



d(t) 
a(t)' 



(16) 



Now let us confirm that the new coordinate system (i, w, x % ) is actually a Gaussian normal coordinate system. For 
this purpose, it is sufficient to show that 



dw = g^ v w a dx v 



(17) 



or 



dw 
df 

dw 
dr 

dw 
dx l 



Vf(r)+a 2 (t) 



± 



T.r 



is integrable. The integrability condition ddw = is equivalent to 



dT 



\ dr 



f(rWf(r)+d 2 



(18) 



(19) 



This condition is easily confirmed by using the relation 
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dt\ ,{dt\ fdr\ JdT\ 



and 

—) =(—) =^ = ±M 

dw) txl \dw) ToXl U /(r) 1 

Finally, we can calculate (dr/dt) w x % from ( |l4| ) as well as (dT/dw) t x % and (dr/dw) T x t from (|2l|). Moreover, from 
Eq. (H), 



0T\ /0r\ _ /0uA /dw\ y7(r 



"'A,,, UJ.,,.,. UJt.xA^J « T /(r)d(t) ' (22) 



Thus, it is easily shown that 



ds 2 = yy> w } db 2 + <f(t, w)a(t) 2 dY? K + dw 2 , (23) 
ip{t, w) 



where 



,/ s 1 f d( P 



1V,X l 

cosh (2l~ l w) + l Uu 2 + H)(cosh (2l~ l w) - 1) ± l + )^^\ Ka = sinh (2Z" 1 ™). (24) 



By defining fe and C by 



k = 2r\ 
;2, 



C = -l z fi, (25) 
the functions ip(t, w) and w) are rewritten as 

1 4- 9k~ 2 (9 H 2 A- H 4- Kn~ 2 \ 
iP(t, w) = cosh (fcu>) + 2k- 2 (H 2 + i?)(cosh (few) - 1) ± 1 — j — sinh (kw), 

y/1 + Ak- 2 (H 2 + Ka,- 2 ) + Ca- 4 ) 

tp(t, w) = cosh (kw) + 2k- 2 (H 2 + Ka- 2 )(cosh (kw) - 1) ± \/l + Ak- 2 (H 2 + Ka- 2 ) + Ca~ 4 ) sinh (few). (26) 



Using the Friedmann equation ofEq. (p|) and setting C = Cup 2 , we can see that the metric ( p3| ) with (26) is equivalent 
to the expression obtained in Ref. W%- As shown in Refs. ]14|-^6[ the lower signs should be taken in all equations if 
we glue two copies of the region w > to obtain the brane-world with positive tension. Thus, hereafter, we take the 
lower signs. 

From now on we show where the Gaussian normal coordinate covers in the Sch-AdS spacetime. For simplicity, 
we will consider only A4 = cases. We concentrate on the /1 ^ cases since the [i = case is easier and can be 
understood in a similar way. Note that the metric (Q) has an event horizon at r = r^, where is given by 

r 2 



r 2 h = -WK 2 +U- 2 l i-K). (27) 

In the following arguments we shall show that the Gaussian normal coordinate system (t,w,x l ) covers the region 
beyond the event horizon and the wormhole. 

First, let us consider the case when the condition 

(H 2 a 2 + K) 2 + 4r 2 pi > (28) 

is satisfied. For K — +1, this condition is automatically satisfied since /1 > for the bulk black hole spacetimes. This 
conditions is automatically satisfied also when K — and Ha ^ 0. In this case, it is easily shown that 
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r 2 = (p(t,w)a(tf 



(29) 



and that 



where 



<p(t,w)a{tf >rl 



(w > 0) 



^(H 2 a 2 + K) 2 + 4l- 2 fi - (H 2 a 2 + K) 



(30) 



(31) 



Note that r min (t) has been determined by the variation of w under a fixed t. The equality in Eq.(p0|) holds at 
,„.m(*)) where w min (t) (> 0) is given by 

2l~ 2 a 2 + H 2 a 2 + K 



w 



Wr> 



cosh (21 



Wr> 



y/(H 2 a 2 + K) 2 +Al- 2 iJ, 



(32) 



We can easily show that r m i n — > and w m i n — > as a — > by using the Friedmann equation on the brane. On the 
other hand, there is another minimum r^ in (uj) which is determined by the variation of t under a fixed w. The orbit 
of 7*mm( u; ) ' s the same as ^(^i w) = because ip is proportional to c^r 2 . These minimum will be important when we 
draw the conformal diagram. 

Now it is easily shown by using the lower-limit of \i (// > for K = +1 and K = 0, /x > — Z 2 /4 for if = —1, and 
we are considering the /i ^ case) that r„j n < r 2 . The equality holds if and only if Ha = 0. Hence, the coordinate 
(t, w, x l ) actually covers the region beyond the event horizon and the wormhole. 

Next, let us consider the case when K = — 1 and the condition 



(H 2 a 2 



1) 



4r 2 /i 







is satisfied. In this case, r 2 approaches to a finite value in the limit w — > oo: 



r 2 = l f(t,w)a(t) 2 
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(w — > oo). 



(33) 



(34) 



On the other hand, 



> 



(35) 



Therefore, the coordinate (t,w,x l ) reaches the region beyond the event horizon. 
Finally, let us consider the case of K — —1 and the time when condition 



(H 2 a 2 - ly+ir'-'n < 



(36) 



is satisfied. In this case, there exists a value of w (> 0) such that r 2 = 0. Note that r = corresponds to a singularity 
inside the horizon since tetrad components of the Weyl tensor for the metric (Q) diverge at r — 0. Thus, the coordinate 
(i, w, x l ) covers the region inside the event horizon and reaches the singularity inside the horizon. 

Now it is easy to see the global structure. Figure |l| is for fx > 0, K = +1. FigureJ| is for fi > 0, K = 0, —1. Figures 
H and [| are for /i = 0, K = +1 and for /i = 0, K = 0, — 1, respectively. Figure g is for fj, < 0, K = — 1. In these 
figures, the region covered by the Gaussian normal coordinate is expressed as the shaded region. Note that in Figures 
||, H and ||, for a non-zero small value of w, d t should be past directed for small t, turns to the opposite direction at a 
time £» when the orbit of dt reaches the ^(w), and future directed for large t. 

To obtain these figures, we have used the following two facts. First, the hypersurface t = to is always spacelike, and 
should come in contact with the hypersurface r = r m i n (to) at w — w m i n {to), where io is a constant. Secondly, for a 
fixed w, r — > oo in the limits a — > and a — > oo, providing some reasonable assumptions (eg. A4 = and pa 2 — > in 
the limit a — > 00). This means that the constant-t hypersurface should become null in these limits. 

In this brief note, we have given the coordinate transformation between the metric of Eq. ([!]) and of Eq. (^3|) . As a 
result, we could see the region where the Gaussian normal coordinate covers. For general cases of single brane with the 
positive tension and \i ^ 0, the coordinate w labelling the extra dimension does not terminate at the 'Cauchy horizon' 
and goes beyond the event horizon. For some cases, the coordinate goes through the wormhole and reaches another 
domain of communication where we can define the total energy well |29| . The energy should be [i for cases which 
we considered and we can prove the positivity on the slice without naked singularities at least K = cases p0|,pl[. 
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This might argue us to consider general issues such as the positivity of the ADM energy |3^] , cosmic no-hair Q , 
singularity theorem |]34| and so on. According to Ref. the effective 4-dimensional Einstein equation is given by 

(4) G F = -A 4 ^„ + 8nG N T^ + 4^ v - E^, (37) 

where T^ v is the energy-momentum tensor on the brane, [[,,„ is a quadratic term of Tp„, and — ^C^ av f3in a n^ 
is the 'electric' part of the 5-dimensional Weyl tensor, ft is important to clarify whether the right-hand side of Eq. 
( |37| ) satisfies the local energy condition |34) or not, because it is closely related to many interesting subjects such as 
stability of the Minkowski spacetime. For the Sch-AdS spacetime, i?oo ~ ~/V a4 an d then —Boo > is guaranteed by 
the above argument. This indicates the tendency such that the right-hand side satisfies the local energy condition. 
However, we know that the perturbation analysis on the Randall & Sundrum brane world implies -Eoo > ]3^ ]. Hence, 
we cannot quickly give the definite answer on the signature. This is crucial problem for general issues. 
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r = 




= 



FIG. 1. The global structure for /j, > 0, K — +1. The world volume of the brane starts at r = and ends at r = 0. The 
function r min (t) increases from zero to r h , and decreases to zero. Accordingly, the hypersurface (t) starts at r — 

with the brane, passes through the bifurcating point of the horizon, and ends at r = with the brane. Thus, the region covered 
by the Gaussian normal coordinate should be the shaded region. Two dashed lines in the figure are a constants hypersurface 
and a constant-ui hypersurface. 
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r = 



FIG. 2. The global structure for fi > 0, K — 0, — 1. The world volume of the brane starts at r — and ends at r — oo. 
The function r m i n (t) starts with the value zero and ends with the value r m j„(oo), where r min (oo) = ru for K — and 
r m in(oo) = (i 2 /!) 1 ^ 4 < vh for K = — 1. (We have assumed that A4 = and pa 2 — > in the limit a — ► 00.) Thus, the region 
covered by the Gaussian normal coordinate should be the shaded region. Note that hypersurfaces w = w m i n (t) and tp(t, w) = 
start at the point where the brane starts, and end at the point where r = r m i„(oo) comes in contact with the horizon. Two 
dashed lines in the figure are a constants hypersurface and a constant-to hypersurface. 




FIG. 3. The global structure for /j, = 0, K = +1. The world volume of the brane starts at r = and ends at r = 0. The 
minimum of r for a fixed t is always zero. Thus, the region covered by the Gaussian normal coordinate should be the shaded 
region. 
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FIG. 4. The global structure for fj, = 0, K — 0, — 1. The world volume of the brane starts at r = and ends at r = oo. The 
minimum of r for a fixed value of t is always zero. Thus, the region covered by the Gaussian normal coordinate should be the 
shaded region. 



r = 




r = 

FIG. 5. The global structure for fi < 0, K — 1. The world volume of the brane starts at r — and ends at r = oo. The 
minimum of r for a fixed t becomes zero in the limits a — > and a — > oo. Thus, the region covered by the Gaussian normal 
coordinate should be the shaded region. Note that hypersurfaces w — w min (t) and tj)(t,w) — start at the point where the 
brane starts, and end at r = 0. Two dashed lines in the figure are a constants hypersurface and a constant-^) hypersurface. 
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